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—\@""“ "’1 VECTO VA CAC PHEP TOAN TREN VECTO
§ 1,2, 3. VECTO VA CAC PHEP TOAN TREN VECTO
PR Ak

® Cac dinh nghia mé dau

o Mot dau duoc xac dinh 1a géc, con dau kia 1a ngon.

o Hudng tir goc dén ngon, goi 1a huéng cua vécto.

Vécto 1a 1 doan thang cé hudng: N N \ o .
o Do dai cua vécto 1a do dai doan thang xac dinh boi

A > B diém dau va diém cu6i clia vécto.

« Vécto cd gdc A, ngon B duoc ky hiéula AB va dd dai cua vécto AB duoc ki hiéu la
‘AB‘ = AB la khoang cach gitta difm dau va diém cudi cua vécto. Ngoai ra, vécto
con duwoc ki hiéu boi mot chi cai in thwong phia trén ¢ mii tén nhu a, b , U, U,... d0
dai cua @ ki hiéu la d|.

o Diém goc va diém ngon triing nhau.
« Vécto khong, ki hiéu 0 c6: {o Do dai bang 0.

o Huéng bat k.
« Hai vécto cting phuong khi ching cting nam trén mot duong thing hodc ndm trén hai
AB || CD.

A, B, C, D: thang hang.
A > B B A
C > D C < > D

duong thang song song nhau: AB I CD <

« Hudng cta hai vécto: Hai vécto cung phuong c6 thé cung hudng hodc ngugc hudng.
Ta chi xét hudng cuia hai vécto khi chiing cing phuong.
o Haivécto AB va CD goi la cing huéng, ky hiéu:

o AB||CD. A > B

o Haitia AB, CD cung huéng. ¢ > D

m@@{

o Hai vécto AB va CD goi la nguoc hudng, ky hiéu:
o AB|CD. 4 . 5
o Hai tia AB, CD ngugc huéng. | < c

EuEB@{

« Hai vécto duoc goi la bang nhau khi chiing cing huéng (cing phuong, cling chiéu)
va cung d¢ dai.

. __ |ABwacpD cung hudng. A ) B
AB = CD< i DA .
‘AB‘ - ‘CD‘ hay AB = CD. o -

+ Hai vécto duoc goi 1a d6i nhau khi chiing nguwoc hudng va cung d6 dai.

@ Céic phép toan trén vécto
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a) Tong cua hai vécto
« Hé thtec Chasles (quy tic ba di€ém hay quy tic tam giac):
o Véibadiém A, B, C batky,taco: AB=AC + CB.

o Quy tac ba diém con duoc goi la hé thiic Chasles dung dé cong cac vécto lién
ti€p, c6 thé mo rong cho treong hop nhiéu vécto nhu sau:

A1A7z = AlAZ + A2A3 + A3A4 + T + AnflAn
« Quy tic hinh binh hanh

A

AC =AB+ AD AB=DC
o Cho hinh binh hanh ABCD thi |, ., . va|—. _ .-
DB = DA+ DC AD = BC

o Quy tic hinh binh hanh duing dé cong cac vécto chung géc.
 Tinhchat @ +b=0b+d, @+b)+cé=a+(b+27), a+0=0+a =a.
b) Hiéu hai vécto
) [o Vécto doi clia vécto d, ki hieu 1a —a.
¢ Vécto doi: . S S
o Tong cua hai vécto doi la vécto 0: a+(—a)=0.
 Hiéu hai vécto: voiba diém A, B, C bat ky, ta ludn co: E = C_B' — CT‘l
¢) Tich cia mot s véi mot vécto
« Dinh nghia: cho mot s8 thue k = 0 va mot vécto @ = 0. Khi d6:
k.a : cung huéng véi d khi k > 0.

Tich k.a 1a mot vécto cod | R
k.a : nguoc huéng véi a khi k <O.

N
=T
I
ol

e Tinhchdt k(@ +b)=kd + kb, (k+h).d=kad+hi (—1)d =—a

S

. Diéu kién d€ hai vécto @, b, (b = 0) cing phuongla 3 k€ R d€ d@ = k.b.
. Diéukién dé€3 diém A, B, C thanghangla 3 k€ R: AB =k.AC.
® Tinh chit trung diém va trong tim tam giac
a) Tinh chat trung diém
Néu I 1a trung diém ctia AB va M la diém bat ky thi ta ludén c6: 2MI = MA + MB.
b) Tinh chét trong tim
Goi G 1a trong tam ctia tam giac ABC va M la diém bat ky, khi d6 ta lu6n cé:

_ s —— —

GA+GB+GC =0 va 3MG = MA+ MB + MC.
@ Biéu thi mjt vécto thong qua hai vécto khong cing phuong
Cho hai vécto khong ciing phuong @ va b. Khi d6 moi vécto ¢ déu cé the biéu thi duoc
mdt cach duy nhét qua hai vécto @ va b, nghia 1a ¢ duy nhét cip s8 thuc m va n sao

cho ¢ = ma + nb.
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= Phuwong phap:

Stt dung quy tic ba diém (hé thitc Chasles), quy tic hinh binh hanh, hé thiic trung
diém, hé thic trong tdm két hop voi cac tinh chédt phép cdng, phép trir, phép nhan dé
bién d6i twong duong cho biéu thirc can chiing minh. Khi d6 ta c6 cac hudng sau:

— Hudng 1. Bién d6i mot vé€ thanh vé con lai. Khi dé néu xuat phat tir vé phtic tap, ta
can thuc hién viéc don gian biéu thitc. Con néu xudt phat tir v€ don gian, ta can
thiec hién phép phan tich vécto.

— Huéng 2. Bién d6i dang thitc can chtng minh vé mot dang thic da biét 1a ludn
dung (ch:fmg han: hé thitc trung diém, trong tam,...). Hodc nguoc lai, bién d6i mot
dang thirc vécto 1a ludn ding thanh dang thiee can chirng minh.

® Quy tic ba diém: Chen C' vao vécto AB

« Cong: AB = AC + CA (chen gitta). « Tru: AB = @ - CTA (C cudi — C dau)

@ Quy tac hinh binh hanh: Cho hinh binh hanh ABCD (quy tic duong chéo hbh):

B

DB = DA+ DC.

D C
® Tinh chét trung di€m: Néu [ la trung diém cua AB va M 1a diém bat ky.

M

9MI = MA + MB.

b

I B

@ Tinh chit trong tim: G 14 trong tdm ctia tam gidc ABC va M la diém bat ky.

4 M
(o)
i . GA+GB+G0-0
D
G L VA—F%—}—%zS%
B E C

Cian nhé: G chia AE thanh ba doan béng nhau, ttrc co: Xa = %ZE
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BT1. Cho 5 diém A, B, C, D, E. Chtiing minh rang:

a) AB -+ CD+ EA=CB+ ED.

b) CD + EA = CA + ED.

Cach 1. Bién doi vé trai theo vé phai
Vé'trai = AB + CD + EA
:(E+@)+@+(ﬁ+ﬂ)
:(c@+ﬁ)+(ﬁ+@+ﬂ)
:5§+EB+(E+BZ)

— CB+ ED + (AD — AD)

— CB+ ED = vé& phai (dpcm).

Cach 2. Bién d6i v€ phai theo vé trai.

V& phai = OB + ED
— (CA+ AB) + (EA + AD)
— AB +(CA+ AD) + EA

— AB + CD + EA = v& rai (dpcm).

Cach 3. Gia stz ta luon co:

AB+CD + FA=CB+ ED

& AB +(CD — CB) + (EA— ED)=0

e AB+BD+DA=0
e AD+DA=0

& 0 =0 :luén dung.

Suy ra ZE+EB+E71:5§+EZ—5 (dpem)

Cach1.

Cach 2.

Cach 3.

BT 2. Cho cac diém bat ki. Hay chitng minh déng thtc:

a) AB+ BC +CD + DE = AE.

_— —— —

b) AB+ BC +CD + DE + EF = AF.

¢) AC + BD = AD + BC.

d) AB+CD = AD + CB.
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e) AB—CD = AC — BD. f) AB+BC +CD + DA = 0.
) AB—AD=CB—CD. h) BC + AB=DC + AD.
i) AD+ BE + CF = AE + BF + CD. i) AC +DE—DC —CE +CB = AB.

BT 3. Cho t& giac 16i ABCD. Goi I, J lan luot la trung di€m cua hai duong chéo
AC, BD.
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A B a) Chtng minh rang: A—E + EB = 2.;3.
9 Ve s Ane
=(AI+1J +JB)+ (CI + 1J + JD)
> — AL + CI + JB + JD +2IJ = 2IJ = vé& phai (dpcm).
D 0 i

b) Chitng minh rang: AB + AD + CB + CD = 41J.

Theo cau a), taco: 21J = AB + CD 1)

Cling theo cau a), ta co: 25 = E + C@ =
(2)

Cong vé theo v€, ta dugc:

BT 4. Cho t giac ABCD. Goi M, N theo tht ty 1a trung diém cua cac doan AD, BC.

A M p @& Chung minh rang; AB + DC = 2MN.

Ta c6: 2MN = MN + MN
— (MA+ AB + BN) + (MD + DC + CN)

. — (AB + DC)+ MA + MD + NB + NC
N d i
C -
=AB+ DC (dpcm)

b) Chttng minh réng: E + DB = 2%.

¢) Goi I latrung diém ctia MN. Chting minh rang: 7 + IB + c + D = 0.

BT 5. Chotam giac ABC, goi M trung diém cua BC va [ trung diém cta AM.

e

A a) Chtng minh rang: 214 + IB +IC = 0.
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b) V6i O diém bétki. Ching minh ring: 204 + OB + OC = 401.

BT 6. Cho hinh binh hanh ABCD cétam O va E la trung diém AD. Chiing minh:

A B a) 52+5§+56+55:6.
E
@)
D C
b) EA+ EB +2EC = 3AB. ¢) EB-+2EA+4ED = EC.

BT 7. Cho hinh binh hanh ABCD. Goi M 1a trung diém cua CD. Ldy N trén doan BM
sao cho BN = 2MN. Chting minh rang;

A B a) 3Z§+4EBZW+N5+ME.
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b) AC =24B + BD. ¢) 3AN = 4AB +2BD.
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BT 8. Cho hinh binh hanh ABCD ¢6 M trung diém BC va G la trong tam tam giac

ACD.

a) Chting minh rfmg: F/[ = E + %A—ﬁ

b) Chting minh rang: MG = —%XE’ + éﬁ

BT 9. Cho tam gidc ABC ¢6 D, M lan luot 1a trung diém cta BC va AB, diém N thudc
canh AC saocho NC =2NA vagoi K la trung di€m caa MN.

A

B D C

a) Chitng minh rang; AK = iA—B) + %E

b) Chiting minh rang: 12KD = 3@ + 425.
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BT 10. Cho tam giac ABC. Trén hai canh AB, AC lan luot l1ay hai diém D va E sao cho
E = 2&3', @ = 354. Goi M la trung diém cua DE va I la trung diém cua BC.

A a) Chting minh rang: AM = %TB + éﬁ

B C

3—)

b) Chttng minh réng: ﬁ = %E + gA C.

BT 11. Cho tam giac ABC véi I, J, K lan luot la trung diém ctia cac canh AB, BC, CA.
Goi D thuoc doan BC sao cho 3DB =2BC va M la trung diém cua AD.

4 a) Chtng minh rz‘“mg: E + 5 + E' = 6

B ] D (@

1-—= 573

b) Chttng minh réng: W = gAC — EAB.

BT 12. Cho tam giac ABC ¢6 G la trong tam, [ la trung diém cua BC va H la diém d6i
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xung cua C qua G.

4 a) Chting minh: AH zgﬁ—%fl—é
H
M,
B I C
. v oo Y= A , 1. g 11— 55—
b) Chttng minh: HB :§(AB+AC'). ¢) Chtng minh: IH ZEAB—EAC.

BT 13. Cho tam giac ABC goi G, H, O lan luot la trong tam, truc tam, tdm duong tron
ngoai ti€p tam giac ABC. Goi D la diém d6i xing cia A qua O va M la trung
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diém cta canh BC.

a) Chung minh: HB + HC = HD.

b) Chiing minh: HA + HB 5 HC = 2HO. c) Chtng minh: HA— HB — HC = 20A.

d) Chung minh: 0A + 0B + 0C = OH. e) Chting minh: OH = 30C.

f) Chting minh: AH = 20M.

BT 14. Cho tam gidc ABC. Dung bén ngoai tam giac cac hinh binh hanh ABIF, BCPQ,
CARS. Chting minh rang: RF + Ej +PS =0,
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Loi gidi tham khdo

RF = RA+AF (1)
Ta co: Ezﬁ—k% (2)

PS=PC+CS (3)
Cong vé theo vé€ cua (1),(2),(3), ta duoc:
Eﬁ+i)+?§=(ﬂ+@)+(ﬁ+ﬁ)+(§é+%)

0 0 0

0 P Suy ra: ﬁ + E + P—S)' = 6 (dpcm).
BT 15. Cho ttt gidc ABCD. Dyng bén ngoai tt gidc cac hinh binh hanh ABEF, BCGH,
CDIJ, DAKL.
linde vé a) Chtng minh rang: ﬁ + Eﬁ + E + E = 6

b) Chitng minh rang: EL — HI = FK — GJ.

BT 16. Chiing minh rang cac tam ABC, A'B'C’ ¢ cung trong tam khi va chi khi dang
thirc sau dwoc thoa: AA’ + BB+ CC’ = 0.
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0ii aidi tham khd

_ —  —

Vi G la trong tam cua tam giac ABC néntacé: GA+ GB+ GC = 0.

Tuong ty, G’ 1a trong tAm ctia tam giac A'B'C’ nénta cé: G'A' + G'B' + G'C’ = 0.

Do hai tam gidc tam ABC, A'B'C’ c¢6 cung trong tam = G = G’ = GG' =0
Ap dung quy tic ba diém, ta co:

AA + BB+ CC' = (AG + GG’ + G'A)) + (BG + GG’ + G'B') + (CG + GG' + G'C')

— —(GA+GB+GC)+(G'A' + G'B'+ G'C") + 3GG’ = 3GG’ = 0.

0 0

= Diéu kién can va du d& AABC va AA'B'C' 6 cung trong tam la
AA"+ BB +CC' =.

e

@ Nhan xét. D€ chitng minh hai diém A va B trung nhau, ta can chttng minh AB = 0.

BT 17. Cho tam gidc ABC. Goi A’ 1a diém d8i xting ctia A qua B, B’ la diém d6i xting cua
B qua C, C' la diém d8i xting ctia C' qua A. Chting minh rdng hai tam gidc ABC
va A'B'C’ ¢6 cling trong tam.

Finh vé Bai lam edia hoe sink

BT 18. Cho tam gidc ABC va I, J, K xéc dinh boi: 2IB +3IC =0, 2JC +3JA=0 va

Trang - 14 -



PE CUONG LOP 10

2K A IF 3}5 = 6 Chitng minh hai tam gidc ABC va IJK c6 cung trong tam.

Fbinh 0é Bai lam eia hoe sinh

BT 19. Cho t& giac ABCD. Cac diém M, N, P, @ lan luwgt la trung diém caa AB, BC, CD,
DA. Chttng minh hai tam giac ANP va CM(@ cé cung trong tam.

BT 20. Cho tam gidc ABC déu tam O va diém M nam bén trong tam gidc. Goi D, E, F la
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3—»

hinh chi€u cuia M trén BC, AC, AB. Chiing minh: MD 4 ME S5 MF = —MO

FCink vé Fboe sinh doe & bé sung 16i gidi

Tt diém M dung lan lwot cac duong thang song
song vdi cac canh cta tam gidc (nhw hinh vé).

S Tac PQ || BC, SR| AC, TU | AB.

BP || TM

F u Khi dé: = BPMT la hinh binh hanh.
E 1doO PM || BT a 1 an

Oo :> W + ﬁ - %.
Tuong te CRMQ,ASMU la cac hinh binh hanh.
] FR + M—Q) = M—)C'
=

MU + MS = MA

—_ -

Ta co: PBT = MTR = QCR = MRT = 60°. Suy ra tam giac MTR la tam giac déu nén MD
la trung tuyén = D la trung diém cta doan thang TR = 2MD = MT + MR (1)

Tuong tu:
Suy ra: OME = FU + VC) (2)
Tuong tu:
Suy ra: 9MF = MP + MS (3)

Ta lai c6 O la tam cua tam gidc déu ABC = O la trong tam tam gidc ABC va M la diém
batky nén MA+ MB + MC = 3MO.

_—  — — — — —

Cong (1), (2), (3) = 2MD + 2ME + 2MF = MT + MR + MU + MQ + MP + MS

& 2AMD + ME + MF) = (MT + MP) + (MR + MQ) + (MU + MS)
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